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Let Mn be a complete hypersurface in Sn+1(1) with constant mean curvature. Assume that
Mn has n−1 principal curvatures with the same sign everywhere. We prove that if RicM 
C−(H), either S  S+(H) or RicM  0 or the fundamental group of Mn is inﬁnite, then
S is constant, S = S+(H) and Mn is isometric to a Clifford torus S1(
√
1− r2 ) × Sn−1(r)
with r2  n−1n . These rigidity theorems are still valid for compact hypersurface without
constancy condition on the mean curvature.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
Let Mn be an n-dimensional (connected) hypersurface in a unit sphere Sn+1(1). If Mn is compact, minimal and 0 S  n,
then Simons [11] proved that S = 0 or S = n, where S is the squared norm of the second fundamental form of Mn . Moreover,
Chern et al. [4] and Lawson [7] obtained independently that the Clifford tori are the only minimal hypersurfaces with S = n.
Further results on the rigidity of the minimal Clifford torus can be found from the work of Peng and Terng [9], Yang and
Cheng [13], Hasanis and Vlachos [6], Zhang and Xu [16], Zhang [14] and many others. As a natural generalization, the rigidity
of hypersurfaces with constant mean curvature has also been studied. Using the traceless tensor Φ = A − H I , Alencar and
do Carmo [1] proved that if Mn is compact with constant mean curvature H and |Φ|2  BH , where BH is a constant that
depends only on H and n, then Mn is either totally umbilic or a Clifford torus S1(
√
1− r2 ) × Sn−1(r) with r2  n−1n . Their
results do not characterize the other Clifford tori S1(
√
1− r2 ) × Sn−1(r) with r2  n−1n . Hence an interesting question is
to classify those Clifford tori S1(
√
1− r2 ) × Sn−1(r) with r2  n−1n . The ﬁrst result on this aspect is due to Barbosa et
al. [3]. They proved that if Mn is a compact hypersurface in Sn+1(1) with two distinct principal curvatures, one of which
is simple, and S  S+(H), where S+(H) = n + n3H22(n−1) + n(n−2)|H|2(n−1)
√
n2H2 + 4(n − 1), then Mn is isometric to a Clifford torus
S1(
√
1− r2 ) × Sn−1(r) with r2  n−1n .
It is well known that the supremum of Ricci curvature of a Clifford torus S1(
√
1− r2 ) × Sn−1(r) with r2  n−1n with
constant mean curvature H is given by
C−(H) = n(n − 2)
n − 1
[
1+ nH
2
2(n − 1) −
|H|√n2H2 + 4(n − 1)
2(n − 1)
]
.
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sign everywhere, RicM  C−(H) and S  S+(H), then S is constant, S = S+(H) and Mn is isometric to a Clifford torus
S1(
√
1− r2 ) × Sn−1(r) with r2  n−1n .
The ﬁrst result we obtained here is a topological–geometrical classiﬁcation of compact hypersurface.
Theorem 1. Let Mn be an n(n  3)-dimensional compact hypersurface in Sn+1(1). Assume that Mn has n − 1 principal curvatures
with the same sign everywhere. If RicM  C−(H) and the fundamental group π1(M) of Mn is inﬁnite, then S is constant, S = S+(H)
and Mn is isometric to a Clifford torus S1(
√
1− r2 ) × Sn−1(r) with r2  n−1n .
In [8] Li proved that if M3 is a compact minimal hypersurface of S4(1) and 0 RicM  32 , then M3 is isometric to the
Clifford torus S1(
√
1
3 ) × S2(
√
2
3 ). For a 3-dimensional minimal hypersurface, we ﬁnd that two principal curvatures of M
3
have the same sign everywhere, since RicM  32 . Now for any dimension n( 3), we have the following:
Theorem2. Let Mn be an n(n 3)-dimensional compact hypersurface in Sn+1(1). Assume that Mn has n−1 principal curvatures with
the same sign everywhere. If 0 RicM  C−(H), then S is constant, S = S+(H) and Mn is isometric to a Clifford torus S1(
√
1− r2 )×
Sn−1(r) with r2  n−1n .
On the other hand, if Mn is a complete minimal hypersurface in Sn+1(1) with at most two distinct principal curvatures,
Hasanis et al. [5] proved that if S  n, then S = n and Mn is a minimal Clifford torus Sm(
√
m
n ) × Sn−m(
√
n−m
n ). Later,
for a complete hypersurface Mn in Sn+1(1) with constant mean curvature, Wei [12] proved that if Mn has two distinct
principal curvatures, one of which is simple, and S  S+(H), then S = S+(H) and Mn is isometric to a Clifford torus
S1(
√
1− r2 ) × Sn−1(r) with r2  n−1n . We study the complete hypersurface in Sn+1(1) with constant mean curvature and
have the following:
Theorem 3. Let Mn be an n(n  3)-dimensional complete hypersurface in Sn+1(1) with constant mean curvature. Assume that Mn
has n − 1 principal curvatures with the same sign everywhere. If RicM  C−(H) and the fundamental group π1(M) of Mn is inﬁnite,
then S is constant, S = S+(H) and Mn is isometric to a Clifford torus S1(
√
1− r2 ) × Sn−1(r) with r2  n−1n .
Theorem 4. Let Mn be an n(n 3)-dimensional complete hypersurface in Sn+1(1)with constant mean curvature. Assume that Mn has
n − 1 principal curvatures with the same sign everywhere. If 0 RicM  C−(H), then S is constant, S = S+(H) and Mn is isometric
to a Clifford torus S1(
√
1− r2 ) × Sn−1(r) with r2  n−1n .
Theorem 5. Let Mn be an n(n  3)-dimensional complete hypersurface in Sn+1(1) with constant mean curvature. Assume that Mn
has n − 1 principal curvatures with the same sign everywhere. If RicM  C−(H) and S  S+(H), then S is constant, S = S+(H) and
Mn is isometric to a Clifford torus S1(
√
1− r2 ) × Sn−1(r) with r2  n−1n .
2. Preliminaries
Throughout this paper, we assume that all hypersurfaces are oriented. Let f : Mn → Sn+1(1) be an isometric immersion.
Denote the standard connection of Sn+1(1) by ∇¯ , the Riemannian connection of Mn by ∇ , and the second fundamental
form of the immersion by B . For any tangent vectors X and Y of Mn , we have the Gauss formula
∇¯X Y = ∇X Y + B(X, Y ),
and Weingarten formula
∇¯X N = AN(X),
where AN is the shape operator associated with the normal vector ﬁeld N . For any unit tangent vector X ,
Ric(X) = (n − 1) + tr(AN)
〈
AN(X), X
〉− ∣∣AN(X)∣∣2. (1)
Now, we consider the parallel hypersurfaces of Mn given by the map
fθ = cos θ f + sin θN.
If cot θ is not a principal curvature of f , then fθ is an isometric immersion if we endow Mn with the pull back metric
(Mn, 〈,〉θ ) via fθ . Moreover, if the Riemannian manifold (Mn, 〈,〉) is complete, then (Mn, 〈,〉θ ) is also complete. Let λ1, . . . , λn
be the principal curvatures of f and let us suppose that λi = 0, for all i = 1, . . . ,n, then f π
2
is an immersion, it just be the
Gauss map of f . We know that the pullback metric (Mn, 〈,〉∗) via N is given by
〈X, Y 〉∗ = 〈AN X, ANY 〉, X, Y ∈ TM,
and the principal curvatures of f π are − 1 , . . . ,− 1 .
2 λ1 λn
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Lemma 6. (See Aubin [2].) If the Ricci curvature of a compact Riemannian manifold is non-negative and positive at a point, then the
manifold carries a metric of positive Ricci curvature.
Lemma 7. (See Perelman [10].) Suppose Mn is a complete, connected and non-compact manifold with sectional curvature K  0,
and there exists a point in Mn where the sectional curvature is strictly positive. Then the soul of Mn is a point; equivalently Mn is
diffeomorphic to Rn.
3. Proof of pinching theorems for compact hypersurfaces
Proof of Theorem 1. Since the Ricci curvature attains its absolute extrema at principal directions, for any point x ∈ Mn , we
can choose a local orthonormal frame {e1, . . . , en} in a neighborhood of x satisfying Aei = λiei , i = 1, . . . ,n. From (1) we
have
Ric(ei) = n − 1+ nHλi − λ2i .
For convenience we always assume that H  0. Since RicM  C−(H), we can get
λi μ
nH −√n2H2 + 4(n − 1)
2(n − 1) ,
or
λi  nH − μ = nH − nH −
√
n2H2 + 4(n − 1)
2(n − 1) .
Now that Mn has n − 1 principal curvatures with the same sign everywhere, by renumbering the principal directions
e1, . . . , en if necessary, we see that only the following two cases are possible.
Case A.
λn  · · · λ2 μ < 0 < nH − μ λ1;
Case B.
λn μ < 0 < nH − μ λn−1  · · · λ1.
If the principal curvatures satisfy case A, we have
λn  · · · λ2 μ. (2)
On the other hand,
λ1 = nH −
n∑
i=2
λi  nH − (n − 1)μ = nH +
√
n2H2 + 4(n − 1)
2
. (3)
From (2) and (3), for i = 1 we obtain
λ1λi 
(
nH −√n2H2 + 4(n − 1)
2(n − 1)
)
×
(
nH +√n2H2 + 4(n − 1)
2
)
= −1.
Therefore, the sectional curvatures K∗ of the Gauss map of f with respect to the planes generated by e1 and ei (i > 1),
satisfy
K∗(e1, ei) = 1+ 1
λ1λi
 0. (4)
On the other hand, for j > i > 1 we have
K∗(ei, e j) = 1+ 1
λiλ j
> 1. (5)
Hence (Mn, 〈,〉∗) has non-negative Ricci curvature. Since Mn has inﬁnite fundamental group, from Bonnet–Myer’s theorem
and Lemma 6, we know that, for any point x ∈ Mn , there exists a unit vector X ∈ TxM , such that the Ricci curvature of Mn
satisﬁes Ric(X, X) = 0. But Ricci curvature attains its maximum and minimum in the principal directions, so at any point
x ∈ Mn , there exists a principal direction e j (1 j  n), such that Ric(e j) = 0. From (4) and (5) we obtain
K∗(e1, e2) = · · · = K∗(e1, en) = 0,
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λ1 = nH +
√
n2H2 + 4(n − 1)
2
, λ2 = · · · = λn = μ.
Hence we have shown that (Mn, 〈,〉) is a compact hypersurface in Sn+1(1) with two distinct principal curvatures, one of
which is simple, and S = S+(H). From Theorem 2 of Barbosa et al. [3] we know that Mn is isometric to a Clifford torus
S1(
√
1− r2 ) × Sn−1(r) with r2 = 2(n−1)+nH2+|H|
√
n2H2+4(n−1)
2n(1+H2) 
n−1
n .
Now we consider that if the principal curvatures satisfy case B, then
λ1  · · · λn−1  nH − μ. (6)
On the other hand,
λn = nH −
n−1∑
i=1
λi  nH − (n − 1)(nH − μ) nH −
√
n2H2 + 4(n − 1)
2
− n(n − 2)H . (7)
From (6) and (7), for i = n, we get
λiλn  (nH − μ) ×
(
nH −√n2H2 + 4(n − 1)
2
− n(n − 2)H
)

(
n(n − 2)H
n − 1 +
nH +√n2H2 + 4(n − 1)
2(n − 1)
)
×
(
nH −√n2H2 + 4(n − 1)
2
)

(
nH +√n2H2 + 4(n − 1)
2(n − 1)
)
×
(
nH −√n2H2 + 4(n − 1)
2
)
= −1.
By the similar argument as in the proof of case A, we can show that
λ1λn = · · · = λn−1λn = −1.
Moreover, we have H ≡ 0, λ1 = · · · = λn−1 = 1√n−1 , λn = −
√
n − 1, from these conditions we know that Mn is isometric to
the minimal Clifford torus S1(
√
1
n ) × Sn−1(
√
n−1
n ). 
Remark 1. For a minimal hypersurface, the above two cases are equivalent.
Proof of Theorem 2. Since 0 RicM  C−(H), we have
nH −√n2H2 + 4(n − 1)
2
 λi μ,
or
nH − μ λi  nH +
√
n2H2 + 4(n − 1)
2
.
We know that only the following two cases are possible.
Case C.
λn  · · · λ2 μ < 0 < nH − μ λ1  nH +
√
n2H2 + 4(n − 1)
2
; (8)
Case D.
nH −√n2H2 + 4(n − 1)
2
 λn μ < 0 < nH − μ λn−1  · · · λ1. (9)
If the principal curvatures satisfy case C, we obtain
λ1 = nH −
n∑
λi  nH − (n − 1)μ = nH +
√
n2H2 + 4(n − 1)
2
. (10)i=2
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λ1 = nH +
√
n2H2 + 4(n − 1)
2
, λ2 = · · · = λn = μ,
from which we know that Mn is isometric to a Clifford torus S1(
√
1− r2 ) × Sn−1(r) with r2  n−1n .
If the principal curvatures satisfy case D, we obtain
λn = nH −
n−1∑
i=1
λi  nH − (n − 1)(nH − μ) nH −
√
n2H2 + 4(n − 1)
2
− n(n − 2)H . (11)
Then, (9) and (11) yield
H ≡ 0, λn = −
√
n − 1, λ1 = · · · = λn−1 = 1√
n − 1 ,
thus Mn is isometric to the minimal Clifford torus S1(
√
1
n ) × Sn−1(
√
n−1
n ). 
4. Proof of pinching theorems for complete hypersurfaces
Proof of Theorem 3. If Mn is a compact hypersurface, then Theorem 3 can be deduced from Theorem 1. Hence we need
only to prove there has no complete non-compact hypersurface satisfying the requirement of Theorem 3. If in the con-
trarily, Mn is a complete non-compact hypersurface with constant mean curvature and has n − 1 principal curvatures
with the same sign everywhere, RicM  C−(H) and the fundamental group π1(M) of Mn is inﬁnite, then we still need
to consider case A and case B as before. In case A, we obtain that the sectional curvatures K∗ of the Gauss map of f
satisfy
K∗(e1, ei) = 1+ 1
λ1λi
 0 (12)
and for j > i > 1, we have
K∗(ei, e j) = 1+ 1
λiλ j
> 1. (13)
Hence (Mn, 〈,〉∗) has non-negative sectional curvature. Since (Mn, 〈,〉∗) is a complete manifold and has inﬁnite funda-
mental group, from Lemma 7, we know that, for any point x ∈ Mn , there has a 2-plane spanned by some principal
directions with sectional curvature satisfying K∗(ei, e j) = 0. According to (12) and (13), there exists an index i = 1, such
that
λ1λi = −1,
from (2) and (3) we get
λ1 = nH +
√
n2H2 + 4(n − 1)
2
, λ2 = · · · = λn = μ,
and S = S+(H). But from Wei’s work [12], the only complete hypersurface with constant mean curvature and two distinct
principal curvatures, one of which is simple, and S = S+(H), is isometric to a Clifford torus S1(
√
1− r2 ) × Sn−1(r), it must
be compact, which is a contraction. In case B, we can also get a contraction. 
For a minimal hypersurface, we have the following consequence of Theorem 3:
Corollary 1. Let Mn be an n(n  3)-dimensional complete minimal hypersurface in Sn+1(1). Assume that Mn has n − 1 principal
curvatures with the same sign everywhere. If RicM  n(n−2)n−1 and the fundamental group π1(M) of Mn is inﬁnite, then S = n and Mn
is isometric to the minimal Clifford torus S1(
√
1
n ) × Sn−1(
√
n−1
n ).
Proof of Theorem 4. As proved in Theorem 2, only case C and case D are possible. If the principal curvatures satisfy case C,
we have
λ1 = nH +
√
n2H2 + 4(n − 1)
, λ2 = · · · = λn = μ.
2
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of which is simple, and S = S+(H), from Wei’s work [12], we know that Mn is isometric to a Clifford torus S1(
√
1− r2 ) ×
Sn−1(r) with r2  n−1n . If the principal curvatures satisfy case D, we obtain
H ≡ 0, λn = −
√
n − 1, λ1 = · · · = λn−1 = 1√
n − 1 ,
thus Mn is isometric to the minimal Clifford torus S1(
√
1
n ) × Sn−1(
√
n−1
n ). 
For a minimal hypersurface, we have the following consequence of Theorem 4:
Corollary 2. Let Mn be an n(n  3)-dimensional complete minimal hypersurface in Sn+1(1). Assume that Mn has n − 1 princi-
pal curvatures with the same sign everywhere. If 0  RicM  n(n−2)n−1 , then S = n and Mn is isometric to the minimal Clifford torus
S1(
√
1
n ) × Sn−1(
√
n−1
n ).
Remark 2. Even for n = 3, the above corollary generalize the theorem of Li [8].
Before proving Theorem 5, we can verify a simple result for minimal hypersurfaces.
Theorem 8. Let Mn be an n(n  3)-dimensional complete minimal hypersurface in Sn+1(1). Assume that Mn has n − 1 principal
curvatures with the same sign everywhere. If S  n and RicM  n(n−2)n−1 , then S = n and Mn is isometric to the minimal Clifford torus
S1(
√
1
n ) × Sn−1(
√
n−1
n ).
Proof. As proved in Theorem 1, only case A and case B are possible. Since H = 0, case A and case B are equivalent. Hence
we only consider case A, by a direct computation, we get
λn  · · · λ2  −1√
n − 1 ,
and
λ1 = −
n−1∑
i=1
λi 
√
n − 1.
Then, we have
S =
∑
i
λ2i  (
√
n − 1 )2 + (n − 1)
(
1√
n − 1
)2
= n.
Hence, we show that λ1 =
√
n − 1, λ2 = · · · = λn = −1√n−1 , Mn is isometric to the minimal Clifford torus S1(
√
1
n ) ×
Sn−1(
√
n−1
n ). 
Proof of Theorem 5. If H = 0, Theorem 5 can be deduced from Theorem 8. Now let us assume that H = 0, only case A and
case B are possible. In case A, we have
λn  · · · λ2 μ, λ1  nH +
√
n2H2 + 4(n − 1)
2
.
Then,
S =
∑
i
λ2i 
(
nH +√n2H2 + 4(n − 1)
2
)2
+ (n − 1)μ2 = S+(H).
Hence, we obtain
λ1 = nH +
√
n2H2 + 4(n − 1)
2
, λ2 = · · · = λn = μ.
From Wei’s work [12], we know that Mn is isometric to a Clifford torus S1(
√
1− r2 )× Sn−1(r) with r2  n−1n . If the principal
curvatures satisfy case B, then
λ1  · · · λn−2  nH − μ, λn  nH − (n − 1)(nH − μ).
736 Y.T. Zhang / Differential Geometry and its Applications 29 (2011) 730–736By a direct computation, since H = 0, we have
S =
∑
i
λ2i > (n − 1)μ2 +
(
nH +√n2H2 + 4(n − 1)
2
)2
= S+(H),
which is a contradiction. 
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